A Steiner triple system, STS (v), is said to be χ-chromatic if the points can be coloured using χ colours, but no fewer, such that no block is monochromatic. All known 3-chromatic STS(v) are also equitably colourable, i.e. there exists a 3-colouring in which the cardinalities of the colour classes differ by at most one. We present examples of 3-chromatic STS(v) which do not admit equitable 3-colourings. We also present further examples of systems with unique and balanced colourings.
Introduction
A particular interest of Alex Rosa is colourings of block designs. His work in this area is seminal, [14] , [15] and his research on this topic is probably the best in the literature. A survey paper, co-authored with C.J. Colbourn [17] , appeared in a collection of surveys in Design Theory edited by J.H. Dinitz and D.R. Stinson in 1992. The recent book, "Triple systems" [6] , also devotes two chapters specifically to this topic. Therefore it is a pleasure and probably appropriate to be able to offer this small contribution relating to what is one of the most fundamental concepts in this area; the chromatic number of a Steiner triple system. First we recall some of the basic definitions and results. A Steiner triple system of order v, briefly STS(v), is a pair (V, B) where V is a set of cardinality v whose elements are called points, and B is a collection of 3-element subsets of V , called blocks or triples, such that every 2-element subset of V appears in precisely one triple. Steiner triple systems exist if and only if v ≡ 1 or 3 (mod 6). Such values of v are called admissible. Let S = (V, B) be an STS(v). A (weak) colouring of S is a mapping φ : V → C, where C is a set of cardinality m whose elements are called colours, such that | φ(T ) |> 1 for all T ∈ B, i.e. no triple is monochromatic. We say that S is m-colourable. The chromatic number of S, χ(S) is the smallest value of m for which S admits a colouring with m colours. We say that the Steiner triple system S is χ-chromatic. An easy counting argument establishes that only the unique, trivial STS(3) is 2-chromatic. Steiner triple systems which are 3-chromatic exist for all v ≡ 1 or 3 (mod 6), v ≥ 7, (use the Bose and Skolem constructions; see also Theorem 3 on page 166 of [15] and the final section of this paper). The numbers of non-isomorphic Steiner triple systems of orders 7, 9, 13 and 15 are known; there are precisely 1, 1, 2 and 80 respectively and all are 3-chromatic, [12] . But more generally it is known that for all m ≥ 3, there exists v m such that for all admissible v > v m , there exists an m-chromatic STS(v), see Theorem 18.6 on page 327 of [6] . Currently it is known that v 4 = 15 or 19, i.e. the only value of v for which the existence of a 4-chromatic STS(v) is in doubt is v = 19, [2] , [10] , and v 5 ≤ 127, [8] . In this paper we will mainly, but not exclusively, be interested in 3-chromatic STS(v) and in particular the distribution of the colour classes. More generally we define an STS(v) to be equitably m-chromatic if it is m-chromatic and the cardinalities of the colour classes differ by at most one. This concept was introduced by A. Rosa in [16] . Although it is known that for every m ≥ 6, there exists an m-chromatic STS(v) which does not admit an equitable mcolouring [11] , the cases m = 3, 4 and 5 are in doubt. Indeed work point 18.9.4 on page 343 of [6] specifically asks whether every 3-chromatic STS(v) admits an equitable 3-colouring. An earlier suggestion on page 330 of [6] is that they do. However, we are able to answer this question in the negative. Below we present 3-chromatic STS(v) which do not admit equitable 3-colourings for v = 25, 27, 31, 33, 37 and 39. This is probably the major result of this paper but we also make contributions to knowledge about unique colourings and balanced colourings of Steiner triple systems (for precise definitions of these terms see later). pairs x, l, x ∈ R, l ∈ R is (v + 1)(v − 1)/4 and these must all appear in the blocks described above. The remaining blocks of the STS(v) must therefore comprise a subsystem STS((v − 1)/2) which moreover is 2-chromatic. Thus (v − 1)/2 = 3 i.e. v = 7.
We will use these lemmas extensively throughout this paper to determine possible colouring patterns for various values of v. In this section our interest will be mainly in the case v = 15, but for completeness we first give the results for v = 7, 9 and 13. v = 7 Let the unique STS(7) be given by V = {0, 1, 2, 3, 4, 5, 6} and B = {{0, 1, 3}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 0}, {5, 6, 1}, {6, 0, 2}}. The possible colouring patterns are (c 1 , c 2 , c 3 ) = (4, 2, 1), (3, 3, 1) or (3, 2, 2) and all are attainable as follows.
Let the unique STS(9) be given by V = {0, 1, 2, 3, 4, 5, 6, 7, 8} and B = {{0, 1, 2}, {3, 4, 5}, {6, 7, 8}, {0, 3, 6}, {1, 4, 7}, {2, 5, 8}, {0, 4, 8}, {1, 5, 6}, {2, 3, 7}, {0, 5, 7}, {1, 3, 8}, {2, 4, 6}}. The possible colouring patterns are (c 1 , c 2 , c 3 ) = (4, 4, 1), (4, 3, 2) or (3, 3, 3) and all are attainable as follows.
One of the STS(13)s is given by V = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} and B is the collection of 26 blocks obtained by the action of the cyclic group generated by the mapping i → i + 1 (mod 13) on the two base blocks {0, 1, 4} and {0, 2, 7}. The second STS (13) is formed by replacing the blocks {0, 1, 4}, {0, 2, 7}, {2, 4, 9}, {7, 9, 1} in the above system by the blocks {2, 7, 9}, {1, 4, 9}, {0, 1, 7}, {0, 2, 4}. The possible colouring patterns are (c 1 , c 2 , c 3 ) = (6, 5, 2), (6, 4, 3) , (5, 5, 3) or (5, 4, 4) and all are attainable for both systems as follows. 
v = 15
The possible colouring patterns are (c 1 , c 2 , c 3 ) = (7, 5, 3), (7, 4, 4) , (6, 6, 3) , (6, 5, 4) or (5, 5, 5) . The case of the STS(15) formed by the point-line design of the projective geometry PG(3,2), ( 1 in the listing of [12] ), was considered by J. Pelikán [13] . Every 3-colouring of this system is equitable, i.e. it is 3-chromatic but only with colour classes of cardinality (c 1 , c 2 , c 3 ) = (5, 5, 5). Moreover the 3-colouring is unique up to isomorphism, [8] . Beyond this there seems to have been no systematic investigation of the colouring patterns attainable in 3-colourings of the other STS(15)s. We have determined that 76 of the 80 STS(15)s can be 3-coloured with any of the 5 colouring patterns listed above. But system 7 is 3-chromatic only with colour classes (c 1 , c 2 , c 3 ) = (6, 5, 4) or (5, 5, 5) and systems 79 and 80 are 3-chromatic only with colour classes (c 1 , c 2 , c 3 ) = (6, 6, 3), (6, 5, 4) or (5, 5, 5) . and the blocks are represented by a string of symbols s 1 , s 2 , . . . , s b where b = v(v − 1)/6 =| B |. Using the usual lexicographical order, the symbol s i is the largest element z i in the i th triple {x i , y i , z i } where x i < y i < z i . The remaining two elements implicitly have the property that there is no pair x i < y i such that {x i , y i } does not appear in an earlier triple and either (i) x i < x i , or (ii) x i = x i and y i < y i . The integers 10, 11, 12,. . ., 35 will be represented by the lower case letters a, b, c,. . ., z respectively and the integers 36, 37, 38 by the upper case letters A, B, C respectively. All systems were constructed by the well-known technique of hill-climbing [19] .
STS(25)
l49mijkbfo hn9abgjhin kfobakilhn gomnocdeij kmldecomjk iecdbkjnnm fglooglfmh fgnnkjmljh iooijmnelm lmlohnonko 
STS(31)
tlkcmrbniu sojpqoahfd mpljgksurj 7kfmcqeuts prqtprdsmu gniobeiamp ntlsucsled iunqrijuls kmotgohjtu kqpqkfhtus drmjntcrgj stphlrqtur pqktosjlon qphnsqoutq ruoptrusup rtuns
The 3-colouring is unique, modulo swapping colour classes R and Y , with pattern (c 1 , c 2 , c 3 ) = (11, 11, 9) and is given by R = {0, 3,7,8, The fact that both systems 1 and 2 are uniquely 3-colourable but have different statistics of block colour types shows that they are non-isomorphic.
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The cases v = 19 and 21
The results of the previous two sections naturally raise the question of whether there exist 3-chromatic STS(v) which do not admit equitable 3-colourings for v = 19 and 21? In the former case we are able to answer the question in the negative, but cannot resolve completely the situation for the latter. We present our results next, beginning with three simple lemmas. then for some z ∈ R, there is no triple of the form {z, l, m, }, l ∈ B, m ∈ B. The point z may then be recoloured blue. then for some z ∈ R ∪ Y , there is no triple of the form {z, l, m}, l ∈ B, m ∈ B. The point z may then be recoloured blue.
In the next two theorems we will use the notation (c 1 , c 2 , c 3 ) → (c 1 , c 2 , c 3 ) to denote that a 3-colouring of an STS(v) with colour classes of cardinalities c 1 , c 2 , c 3 can be transformed into a 3-colouring with colour classes of cardinalities c 1 , c 2 , c 3 . (19) is equitably 3-colourable. Proof. The possible colouring patterns, as determined by Lemma 2.1, are (c 1 , c 2 , c 3 ) = (9, 6, 4) or (9, 5, 5) or (8, 7, 4) or (8, 6, 5) or (7, 7, 5) or (7, 6, 6) . We prove the theorem by showing that a 3-colouring with any of these colouring patterns can be transformed into a 3-colouring with (c 1 , c 2 , c 3 ) = (7, 6, 6). (v) To complete the proof we show that either (8, 6, 5) → (7, 7, 5) or (8, 6, 5) → (7, 6, 6). Consider a 3-chromatic STS(19) with colour classes R(= red), Y (= yellow) and B(= blue) of cardinalities c 1 = 8, c 2 = 6, c 3 = 5 respectively. Denote the red points by r i , 1 ≤ i ≤ 8, the yellow points by y i , 1 ≤ i ≤ 6 and the blue points by b i , 1 ≤ i ≤ 5. There are 8 2 = 28 triples of the form {r i , r j , l}, 1 ≤ i < j ≤ 8, l ∈ R, and hence (8 × 9) − (28 × 2) = 16 triples of the form {r i , m, n}, 1 ≤ i ≤ 8, m ∈ R, n ∈ R. Moreover each point r i , 1 ≤ i ≤ 8, appears in precisely two of these triples. It will now be possible to recolour a red point as either yellow, giving (c 1 , c 2 , c 3 ) = (7, 7, 5) or blue, giving (c 1 , c 2 , c 3 ) = (7, 6, 6) unless for each i : 1 ≤ i ≤ 8 the two triples are of the form {r i , y j , y j }, 1 ≤ j < j ≤ 6 and − 8 = 2 pairs of blue points, a total of 9 pairs in all, to appear in the remaining blocks.
Theorem 4.1 Every 3-chromatic STS
But there are 57 − (28 + 16) = 13 remaining blocks, none of which contains a red point, and these collectively must contain 13 pairs of either yellow points or blue points. So the situation described cannot arise and the theorem is proved.
Theorem 4.2 Every 3-chromatic STS(21) has a 3-colouring in which the cardinalities of the colour classes are (c 1 , c 2 , c 3 ) = (8, 7, 6) or (7, 7, 7). Proof. The possible colouring patterns, as determined by Lemma 2.1, are (c 1 , c 2 , c 3 ) = (10, 6, 5) or (9, 8, 4) or (9, 7, 5) or (9, 6, 6) or (8, 8, 5) or (8, 7, 6) or (7, 7, 7) .
(i) We first show that either (10, 6, 5) → (9, 7, 5) or (10, 6, 5) → (9, 6, 6). Consider a 3-chromatic STS(21) with colour classes R(= red), Y (= yellow) and B(= blue) of cardinalities c 1 = 10, c 2 = 6, c 3 = 5 respectively. Denote the red points by r i , 1 ≤ i ≤ 10, the yellow points by y i , 1 ≤ i ≤ 6 and the blue points by b i , 1 ≤ i ≤ 5. There are 10 2 = 45 triples of the form {r i , r j , l}, 1 ≤ i < j ≤ 10, l ∈ R, and hence (10 × 10) − (45 × 2) = 10 triples of the form {r i , m, n}, 1 ≤ i ≤ 10, m ∈ R, n ∈ R. Moreover each point r i , 1 ≤ i ≤ 10, appears in precisely one of these triples. There are 5 2 = 10 pairs of the form {b j , b k }, 1 ≤ j < k ≤ 5. We can recolour a red point as blue, giving (c 1 , c 2 , c 3 ) = (9, 6, 6), unless all 10 triples which contain one red point are of the form
But in this latter case all 6 2 = 15 triples of the form {y i , y j , l}, 1 ≤ i < j ≤ 6, l ∈ Y must be of the form {y i , y j , b k }, 1 ≤ k ≤ 5, and hence we can recolour a red point as yellow giving (c 1 , c 2 , c 3 ) = (9, 7, 5).
(ii) Either (9, 7, 5) → (9, 6, 6) or (9, 7, 5) → (8, 7, 6) (v) To complete the proof we show that (9, 6, 6) → (8, 7, 6). Consider a 3-chromatic STS(21) with colour classes R(= red), Y (= yellow) and B(= blue) of cardinalities c 1 = 9, c 2 = 6, c 3 = 6 respectively. Denote the red points by r i , 1 ≤ i ≤ 9, the yellow points by y i , 1 ≤ i ≤ 6 and the blue points by b i , 1 ≤ i ≤ 6. There are 9 2 = 36 triples of the form {r i , r j , l}, 1 ≤ i < j ≤ 9, l ∈ R and hence (9 × 10) − (36 × 2) = 18 triples of the form {r i , m, n}, 1 ≤ i ≤ 9, m ∈ R, n ∈ R. Moreover each point r i , 1 ≤ i ≤ 9, appears in precisely two of these triples. It will now be possible to recolour a red point as either yellow, giving (c 1 , c 2 , c 3 ) = (8, 7, 6), or blue, and then recolouring all yellow points as blue and vice-versa, again giving (c 1 , c 2 , c 3 ) = (8, 7, 6) unless for each i : 1 ≤ i ≤ 9, the two triples are of the form {r i , y j , y j }, 1 ≤ j < j ≤ 6 and {r i , b k , b k }, 1 ≤ k < k ≤ 6. But this would account for 9 pairs of yellow points and 9 pairs of blue points leaving 6 2 − 9 = 6 pairs of both yellow points and blue points, a total of 12 pairs in all, to appear in the remaining blocks. But there are 70 − (36 + 18) = 16 remaining blocks, none of which contains a red point and these collectively must contain 16 pairs of either yellow points or blue points. So the situation described above cannot arise and the theorem is proved.
Unique and balanced colourings
In [17] , A. Rosa and C.J. Colbourn introduce the concept of a uniquely colourable Steiner triple system. This is defined to be an m-chromatic STS(v), (V, B), in which any m-colouring of the system produces the same partition of the set V into colour classes. The authors of [2] state that in the course of searching for 4-chromatic Steiner triple systems of small orders, they "discovered a uniquely colourable 3-chromatic STS of order 33". However they do not list the system although presumably it is the one given in Table IV on page 301 of [4] . It appears to be the only known example of a uniquely colourable STS(v). The examples given in Section 3 for v = 25, 27, 31, 33 and 37 are also uniquely colourable, as well as being non-equitably 3-chromatic. However we are able also to add to the spectrum of known uniquely colourable and equitably 3-chromatic STS(v), the values v = 25, 27, 31, 37, 49, 55 and 57 as well as a new system for the value v = 33. We list these systems next in the same compact notation as before with the extension that the integers 39, 40, 41,. . ., 56 are represented by the upper case letters D, E, F,. . ., U respectively. This system contains three STS(13)s on the sets {0,1,2,3,4,5,6,7,8,9,a,b,A}, {c,d,e,f,g,h,i,j,k,l,m,n,A} and {o,p,q,r,s,t,u,v,w,x,y,z,A} respectively. The fact that systems 1 and 2 are uniquely 3-colourable but have different statistics of block colour types shows that they are non-isomorphic.
STS(
25) 1 96hfcgeolj mn38genioj kml5kaigfm lno7kfgmbe nolbohkenj m89mifojnc hjolnmmfhi jodnohlkkf lgnglndkmi nhimjlokoo The unique 3-colouring, modulo swapping colour classes Y and B, is given by R = {0,3,4,6,e,g,j,k,o}, Y = {1,2,5,7,8,b,c,l}, B = {9,a,d,f,h,i,m,n}. The number
STS(27)
2 fb89ijqelg nmpdeh7ocj kimnqkfcnm ioqgjpp9lc fohjnqmcdj ilkoqagfoh pnqb9eihqp hnpjolklmn qpohegpqml gdmokqpnfi qopmlkponn klqpmqo The unique 3-colouring, modulo swapping the three colour classes, is given by R = {0,8,a,c,f,g,h,j,o}, Y = {1,2,4,5,6,9,e,i,q}, B = {3,7,b,d,k,l,m,n,p}. The number
STS(49)
Ehpiqjrksl tmunvwMLKJ IHGFpiqjrk sltmunvgxG yLKJIHMqjr kslAmunvgo yGMzLKJIHr ksltmunvgo hzCBALKJIM sltmunvgoh pAEDCBLKJM tmunvgohpi BGFEDCLKMu nJgxhpiqCL HIGFEDMvgo hpiqjDKJIH GFEMChpiqj rMHxLKJIGF piqjrkMtLz yKIHGqjrks MBAzLKJIHr kslMCDBALK JIsltMFEDC BLKJtmMHGF EDCLKuMJIH GFEDLMLKJI HGFEExFyGz HvIBJCKDLF yGzHAIBJCK DLwGzHAIBJ CKDLwEHAIB JCKDLwExIB oKDLwExFJJ CKDLwExFyK DLwExFyGwE xFyGzLExFy zAFyGzHAMG zHAIMHAIBM IBJMJCMKMM HM The unique 3-colouring, modulo swapping colour classes Y and B, is given by R = {0,1,2,3,4,6,7,8,9,a,b,c,d,e,f,H,L},  Y = {5,h,i,j,k,l,m,o,p,q,r,s,t,u,v,M},  B = {g,n,w,x,y,z,A,B,C,D,E,F 
STS(57)
A cyclic Steiner triple system whose blocks are the set of triples obtained by action of the group generated by the mapping i → i + 1 (mod 57) on the set of starter blocks {0, 1, 3}, {0, 4, 9}, {0, 6, 13}, {0, The systems listed immediately above, which are both uniquely colourable and equitably 3-chromatic, are 3-balanced. The first STS(27) is perhaps of particular interest in that the block colourings are also balanced. In any 3-colouring of a Steiner triple system the number of blocks which contain a point from each of the three colour classes is determined by the cardinalities of the colour classes. However, the number of bichromatic blocks of the six types is not determined and they are not necessarily all equal. But in this particular system the number of bichromatic blocks of each type is Finally in this section we should record that both the perfect STS(25) given on page 207 of [6] and the affine STS(27) are 3-balanced, [4] , but do not have unique colourings. An example of a 3-balanced but not uniquely colourable STS(37) is given below.
STS(37) 3
idjekflgmh nozyxwvAje kfl8hnmgpq zyxwAkflgm hnciqsrzyx Algmhncidr utszyAmhnc ibjswvutzA ncidjetyxw vuAidqekAz pyxwvekfAj rqzuwykmlA jtsrzyxlgA xvusyzstAx wvuzjAzytw vxupvwrsyt zxvqwrxytz owrxsytzou xsyzoupyto upvzzoupvq upvqwAvqwr AtwrxAxsAy AA Another colouring is obtained by moving the element t from the colour class R to the colour class B (and re-naming R as B and vice-versa).
The cases v = 19 and 21 revisited
In the Introduction, we remarked that the only value of v for which the existence of a 4-chromatic STS(v) is in doubt is v = 19. During the prepa-ration of this paper we searched extensively for a 4-chromatic STS(19) but were unsuccessful. However the situation for v = 21 is different. The first 4-chromatic STS(21) was constructed by L. Haddad, [10] , and plays a significant role in the determination of the spectrum of 4-chromatic STS(v). In the course of our investigations we discovered five further 4-chromatic STS(21)s, all obtained by making trades in Haddad's system. In the interests of completeness, we list this system below and the trades which produce the new 4-chromatic STS(21)s. Calculation of invariants of the systems shows that they are non-isomorphic.
STS (21) 
STS(21) 2
Replace the triples {1, 6, 19}, {1, 12, 16}, {6, 10, 16}, {10, 12, 19} in system 1 by the triples {1, 6, 16}, {1, 12, 19}, {6, 10, 19}, {10, 12, 16}; a Pasch switch.
STS(21) 3
Replace the triples {0, 1, 2}, {0, 5, 11}, {1, 4, 11}, {2, 4, 9}, {2, 5, 10}, {9, 10, 11} in system 1 by the triples {0, 1, 11}, {0, 2, 5}, {1, 2, 4}, {2, 9, 10}, {4, 9, 11}, {5, 10, 11}; a 6 block trade from an STS(9).
STS(21) 4
Replace the triples {0, 
STS(21) 6
Replace the triples {0, 1, 2}, {0, These results prompted the question of determining, particularly for the cases v = 19 and 21, the range of values which are taken by the chromatic number. More formally, for each admissible v define the set K(v) = {χ: there exists a χ-chromatic STS(v)}. We know that K(3) = {2} and that
Although we were unable to determine K(19) and K(21) precisely we were able to prove a set inclusion result about them. The proofs depend on the concept of an arc or independent set. This is defined to be a subset S ⊂ V , of an STS(v), (V, B), having the property that T ⊂ S for all T ∈ B, i.e. no triple is contained in the independent set. An independent set is maximum if it has the largest cardinality of any independent set in the design. Define I(v) = {β: there exists an STS(v) with maximum independent set of cardinality β}. Then it is known that I(19) = {7, 8, 9, 10} and {8, 9, 10} ⊂ I(21), [3] . (19) has an independent set of cardinality 7. Choose this set to be one of the colour classes, say R(= red). This gives 7 2 = 21 triples with two red points and one non-red point and (7 × 9) − (21 × 2) = 21 triples with one red point and two non-red points. This leaves 12 non-red points and 15 triples of non-red points, (redfree blocks). Now suppose that there exists a point x which is contained in 5 red-free blocks, say {x, a, b}, {x, c, d}, {x, e, f }, {x, g, h}, {x, i, j} where in addition we can assume that the triples of the STS(19) which contain the pairs {a, c} or {a, d} do not also contain the points e or f . We now assign the points a, c, d, e, f to a colour class Y (= yellow), the points g, h, i, j to a colour class B(= blue) and the points x, b, y to a colour class G(= green), where y is the remaining non-red point. It is readily verified that there is no monochromatic triple in the colour classes Y , B or G. If no such point x exists then since (15 × 3)/12 > 3, there exists a point z which is contained in precisely 4 red-free blocks, say {z, a, b}, {z, c, d}, {z, e, f }, {z, g, h}. Let i, j, k be the other 3 non-red points. Further, we can assume that the triples of the STS(19) which contain the pairs {a, i} or {b, i} do not contain the points c or d. Assign the points a, b, c, d, i to a colour class Y (= yellow), the points e, f, g, h to a colour class B(= blue) and the points z, j, k to a colour class G(= green). Again it is readily verified that there is no monochromatic triple in the colour classes Y , B or G.
Proof. It suffices to prove that every STS(21) is 5-colourable. Unlike in the case of the previous theorem, it is not known what is the minimum cardinality of a maximum independent set in an STS(21). However it is easy to verify that every STS(21) has an independent set of cardinality 6 and this is sufficient to prove the theorem. Choose the independent set to be one of the colour classes, say R(= red). This gives 6 2 = 15 triples with two red points and one non-red point and (6 × 10) − (15 × 2) = 30 triples with one red point and two non-red points. Thus leaves 15 non-red points and 25 triples of non-red points, (red-free blocks). Now suppose that there exists a point x which is contained in 7 red-free blocks, say {x, a, b}, {x, c, d}, {x, e, f }, {x, g, h}, {x, i, j}, {x, k, l}, {x, m, n} where in addition we can assume that the triples of the STS(21) which contain the pairs {a, c} or {a, d} do not contain the points e or f . We now assign the points a, c, d, e, f to a colour class Y (= yellow), the points g, h, i, j to a colour class B(= blue), the points k, l, m, n to a colour G(= green) and the points x, b to a colour class P (= pink). If no such point x exists then suppose that there exists a point y which is contained in 6 red-free blocks, say {y, a, b}, {y, c, d}, {y, e, f }, {y, g, h}, {y, i, j}, {y, k, l}. Let m, n be the other 2 non-red points. We now assign the points a, b, c, d to a colour class Y (= yellow), the points e, f, g, h to a colour class B(= blue), the points i, j, k, l to a colour class G(= green) and the points y, m, n to a colour P (= pink). If no such points x or y exist then since (25 × 3)/15 = 5, every point is contained in precisely 5 red-free blocks. Choose one of these, say z, and let the red-free blocks in which it occurs be {z, a, b}, {z, c, d}, {z, e, f }, {z, g, h}, {z, i, j, }. Let k, l, m, n be the other 4 non-red points. Further we can assume that the triples of the STS(21) which contain the pairs {a, c} or {a, d} do not contain the points e or f , and that the triple which contains the pair{b, k} does not contain the point l. We now assign the points a, c, d, e, f to a colour class Y (= yellow), the points g, h, i, j to a colour class B(= blue), the points b, k, l to a colour class G(= green) and the points z, m, n to a colour class P (= pink).
Netto systems
The so-called Netto systems are a class of Steiner triple systems which admit a group of automorphisms acting doubly homogeneously but not doubly transitively on the points. They exist for orders v = q = p n where p ≡ 7 (mod 12) is prime and n is odd. Probably the most elegant construction of them is described in [7] . Let r 1 and r 2 be the two primitive sixth roots of unity in the field GF(q). Then r 1 and r 2 are the roots of the equation x 2 − x + 1 = 0 and hence r 1 + r 2 = 1 and r 1 r 2 = 1. Define a relation < in GF(q) by u < v if v − u is a non-zero square. Then, since q ≡ −1 (mod 4), for distinct elements u, v ∈ GF(q) either u < v or v < u but not both. The points of a Netto system N(q) are the elements of GF(q). For a pair of distinct elements u, v with u < v let w = f (u, v) = ur 1 + vr 2 . Then it is easily verified that v < w and u = f (v, w) and w < u and v = f (w, u). The blocks of N(q) are the collection of all such triples {u, v, w}. We have investigated the colourability of the Netto systems N (19) , N(31) and N(43). The system N(19) is 3-chromatic but only with colouring patterns (c 1 , c 2 , c 3 ) = (7, 6, 6) or (7, 7, 5) ; in fact it is one of only two STS(19)s we have discovered which is 3-chromatic with just these two patterns. If we represent N(19) on the set V = {0, 1, 2, . . . , 18} with blocks B obtained by the action of the cyclic group generated by the mapping i → i + 1 (mod 19) on the three base blocks {0, 1, 8}, {0, 2, 5} and {0, 4, 13}, then a 3-colouring with pattern (c 1 , c 2 , c 3 ) = (7, 6, 6 ) is given by R = {0, 1, 2, 3 5, 6, 7, 13, 20, 22, 26, 31}, G = {0, 1, 2, 8, 10 , 11, 12}.
Concluding remarks
This paper has primarily been concerned with 3-chromatic Steiner triple systems and more particularly with the cardinalities of the colour classes. A 3-colouring may be either equitable or non-equitable. Hence 3-chromatic STS(v) can be partitioned into three types; (i) those which have both equitable and non-equitable 3-colourings, (ii) those which have only equitable 3-colourings, which are called 3-balanced, and (iii) those which have only non-equitable 3-colourings, which by analogy we will call 3-unbalanced.
The spectrum of the first type is easy to determine; it is all admissible v ≥ 7. For v ≡ 3 (mod 6) use the Bose construction, [1], also given on page 25 of [6] . Let Q = (S, ) be a commutative idempotent quasigroup (Latin square) of odd order. Let the points of the Steiner triple system V = S × {0, 1, 2}. The blocks B are the union of the two sets {{x 0 , x 1 , x 2 } : x ∈ S} and {{x i , y i , (x y) i+1 } : x ∈ S, y ∈ S, x = y, i ∈ Z 3 }, where here, and in the next construction, we write x i to denote the ordered pair (x, i). Clearly if we use the subscripts to determine the colour classes then an equitable 3-colouring of the system is obtained. A non-equitable colouring may be obtained by recolouring any one of the points with subscript 0 as the colour of the class with subscript 1.
For v ≡ 1 (mod 6) use the Skolem construction, [18] , also given on page 26 of [6] . Let Q = (S, ) be a commutative half-idempotent quasigroup (Latin square) of even order. Let the points of the Steiner triple system be V = (S × {0, 1, 2}) ∪ {∞}. The blocks B are the union of the three sets {{x 0 , x 1 , x 2 } : x ∈ S, x x = x}, {{∞, x i , (x x) i+1 } : x ∈ S, x x = x, i ∈ Z 3 } and {{x i , y i , (x y) i+1 } : x ∈ S, y ∈ S, x = y, i ∈ Z 3 }. Again, an equitable 3-colouring is determined by the subscripts with the point ∞ assigned to any of the colour classes, say the colour class of the points with subscript 0. A non-equitable colouring may then be obtained by recolouring any one of the points with subscript 1 as the colour with subscript 2.
As stated in Section 5, the question of the existence of 3-balanced STS(v) was considered by C.J. Colbourn, L. Haddad and V. Linek, [4] . We have removed all values apart from v = 19 from their list of possible exceptions in Theorem 5.1 and so the current state of knowledge is that the spectrum is all admissible v ≥ 15 with the possible exception of v = 19. However we were unable to find a 3-balanced STS (19) and indeed conjecture that none exist. To prove this, one would need an argument, similar to that given in the proof of Theorem 4.1, that any 3-colouring with pattern (c 1 , c 2 , c 3 ) = (7, 6, 6) can be transformed into a 3-colouring with a different pattern. We give this as our first problem.
Problem 1 Does there exist a 3-balanced STS(19)?
In Section 3, we exhibited the first known examples of 3-unbalanced STS(v); for v = 25, 27, 31, 33, 37 and 39. It was previously known that 3-unbalanced STS(v) do not exist for v = 7, 9, 13 and 15 and we succeeded in proving that none exist for v = 19. We conjecture that 3-unbalanced STS(v) exist for all admissible v ≥ 25 and this is now an interesting unresolved problem. However, we were unable to find a 3-unbalanced STS(21) nor to prove a supplement to Theorem 4.2, that any 3-colouring with pattern (c 1 , c 2 , c 3 ) = (8, 7, 6) can be transformed into a 3-colouring with pattern (c 1 , c 2 , c 3 ) = (7, 7, 7). We give this as our second problem.
Problem 2 Does there exist a 3-unbalanced STS(21)?
A more difficult problem would appear to be the construction of STS(v) which are uniquely 3-colourable. The only known examples would appear to be for the values v = 25, 27, 31, 33 and 37 for both equitable and nonequitable colourings and v = 49, 55 and 57 for equitable colourings, all of which are given above. But it would not be unreasonable to conjecture that both types exist for all admissible v ≥ 25.
Finally, it would be of interest to determine precisely the sets K(19) and K(21) defined in Section 6, and we give these as our final two problems. The first of these was also posed in [10] .
Problem 3 Does there exist a 4-chromatic STS(19)?

